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q  rx  1/x  r  py  1/y  p  qz  1/z

xy  yz  zx  1

where p,q, r are positive real numbers.
Proposed by Arkady Alt.

Solution.
Let a : q  r,b : r  p,c : p  q.Since p,q, r  0 then a,b,c satisfy to triangle
inequalities and, therefore, numbers a,b,c determiner a triangle ABC with sidelengths
a  BC,b  CA,c  AB. Note that x,y, z have the same sign and since
xy  yz  zx and q  rx  1/x  r  py  1/y  p  qz  1/z are invariant
with respect to transformation x,y, z  x,y,z we further assume that x,y, z  0.
Let  : 2 tan1x, : 2 tan1y, : 2 tan1z. Since x,y, z  0 then ,,  0,,
x  1/x  2
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, xy  yz  zx  1 

(1) tan 
2

tan

2
 tan


2

tan

2
 tan


2

tan 
2

 1 and

q  rx  1/x  r  py  1/y  p  qz  1/z can be rewritten in the form
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Now we will pay attention to the correlation (1)
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 0    0 (contradiction with   0).
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Since ,,  0, and        then ,, can be considered as angles
of some triangle with correspondent sidelengths sin, sin, sin which due to (2)
is similar to triangle ABC.

Hence,   A,  B,  C and, therefore, x,y, z  tan A
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all solutions of the system

ax  1/x  by  1/y  cz  1/z

xy  yz  zx  1
.
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via p,q, r.
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.

So, x,y, z   1
p  q  r
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r all solutions of original system.


